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the flow p a t t e r n  of the e lec t rons  is 'plasma l i k e ! .  Both 
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a space vehicle  cannot be i n  a quiescent s ta te .  
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The problem of neu t r a l i z ing  an ion  beam is analyzed 

wi th in  the framework of a one-dimensional c o l l i s i o n - f r e e  

theory.  The c h a r a c t e r  of steady state s o l u t i o n s  obtained 

depends upon the ra t io  between t h e  mean thermal speed of the 

e l e c t r o n s  and t h e  ion  ve loc i ty .  

When the ions are faster, excess e l e c t r o n s  are returned 

t o  t h e i r  source from a f i n i t e  d i s tance  behind the e l e c t r o n  

emitter and the  flow of charges is u n i d i r e c t i o n a l  (beam l i k e )  

f u r t h e r  downstream. 

When t h e  e l ec t rons  are faster, a " f l o a t i n g  t a r g e t "  must 

be pos tu la ted  downstream t o  in t e rcep t  e l e c t r o n s  and ions 

a t  equal rates and t o  r e tu rn  excess e l e c t r o n s  t o  the emitter. 

I n  t h i s  case the flow p a t t e r n  of the e l e c t r o n s  is 'plasma 

l i k e ' .  

Both beam-like and plasma-like states are found t o  be 

unstable  w i t h  respec t  t o  small pe r tu rba t ions .  Thus the 

plasma d r i v i n g  a space vehicle cannot be i n  a quiescent  s ta te .  k ' c L - d .  

I . INTRODUCTION 

The success  of i on  propulsion f o r  space vehic les  depends 

on a p o s i t i v e  s o l u t i o n  of the problem of neu t r a l i za t ion .  

Unless e l e c t r o n s  and ions merging from the nozzle of t h e  space 

s h i p  a t  equal  rates mix t o  form a n e u t r a l  plasma, these charges 

are re turned  by s t a t i c  f ields bu i ld ing  up behind the vehic le .  
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The s i n g l e  most important parameter cha rac t e r i z ing  the state 

of the emerging plasma tu rns  o u t  t o  be t h e  r a t i o  between the 

mean thermal speed of the emitted e l e c t r o n s  and the exhaust 

ve loc i ty  of the  ions,  

The l i m i t i n g  cases  of very cold and very hot e l ec t rons  have 

been discussed ex tens ive ly  i n  the l i terature  1 1 L 3  

I n  the  l i m i t  (I + 0 the  e l ec t rons  may be treated l i k e  a 

beam of i n i t i a l  ve loc i ty  v - = < I V  - I > and t h e i r  dens i ty  q - 
is uniquely determined by the  cu r ren t  3 of the e l e c t r o n  beam 

launched i n t o  the ion  stream 

q- = 3 - b -  ( 2 )  

Space per iodic  p o t e n t i a l  d i s t r i b u t i o n s  which have been obtained 

i n  t h i s  case are character ized by rather a r b i t r a r y  assumptions 

on the e l e c t r i c  f i e ld  a t  the  i n j e c t i o n  plane of the e l ec t rons .  

I n  the l i m i t  Q * the e l e c t r o n s  may be treated as a 

complete plasma and the sca l e  height law based on a l o c a l  Maxwell 

d i s t r i b u t i o n  of v e l o c i t i e s  I s  gene ra l ly  assumed t o  hold fo r  the 

e l e c t r o n  densi ty:  

Steady s ta te  so lu t ions  obtained i n  t h i s  case lack.an 

explana t ion  of e x a c t l y  how a local  Maxwell d i s t r i b u t i o n  of e l e c t r o n  

v e l o c i t i e s  is eptabllshed . 3 

I n  general  the exhaust ve loc i ty  of the ions v+ 
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is  f ixed  by an optimizing procedure involving the components 

of the space vehicle  and the length  of i t s  mission . For 

cesium ions and e l e c t r o n s  o r ig ina t ing  from a tungsten emitter 

t h e  parameter u is  t h u s  p r e t t y  well confined t o  a region near  

u n i t y  i n  which n e i t h e r  the scale height  law nor the equat ions 

of beam dynamics hold fo r  the e l ec t rons .  It is the purpose of 

t h i s  paper t o  obta in  steady s ta te  so lu t ions  i n  t h i s  t r a n s i t i o n  

region and t o  inves t iga t e  t h e i r  s t a b i l i t y  aga ins t  small 

pe r tu rba t ions .  

4 

The method of i nves t iga t ion  is based on discontinuous 

ve 1 oc i t y  d i s  t r i b u  t ions ob t alned f rom the one -dimens iona l  , 
time-independent Boltzmann equation fo r  preconceived p o t e n t i a l  

d i s t r i b u t i o n s .  These ve loc i ty  d i s t r i b u t i o n  funct ions are 

requi red  t o  match Gauss d i s t r i b u t i o n s  a t  the emitters and t o  

comply w i t h  the space charge equation. An element which is 

extraneous t o  the concept of a plasma i n  free space has t o  be 

pos tu l a t ed  f o r  the consistency of these  so lu t ions ,  namely a 

" f l o a t i n g  t a r g e t "  o r  equivalent mechanism f o r  recombination of 

charges.  The se l f -cons is ten t  p o t e n t i a l  d i s t r i b u t i o n s  thus 

obtained are not  the only ones poss ib l e j  however, c e r t a i n  

ambigui t ies  such as those discussed above i n  the l i m i t i n g  cases 

d + 0 and a - QD do not a r i s e .  Data obtained f o r  three d i f f e r e n t  

designs u = 2,'1, 1/2 of an  ion  motor are c o l l e c t e d  i n  Table  I. 

F i n a l l y  the  s t a b i l i t y  of these d i s t r i b u t i o n  funct ions is  

tested by inves t iga t ing  the  d i spe r s ion  r e l a t i o n  f o r  small 

pe r tu rba t ions  i n  regions of near ly  uniform p o t e n t i a l .  All the D.C. 

s o l u t i o n s  obtained a r e  found t o  be unstable  wi th in  the framework 

of the  one-dimensional theory presented. 
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11. THE VELOCITY DISTRIBUTION FUNCTIONS AND THEIR MOMENTS 

A schematic o u t l i n e  of an ion motor is shown i n  Fig. 1, 

Corresponding diagrams of p o t e n t i a l  versus d i s t ance  are shown 

i n  Figs.Z(A)andXa). Ions emitted from the anode a pass through 

the a c c e l e r a t o r  g r i d  c1 and the e l e c t r o n  emi t t i ng  g r id  c ,  

A small bias appl ied  t o  the e l ec t ron  emitter is s u f f i c i e n t  

t o  prevent e l e c t r o n s  from i n t e r f e r i n g  with t h e  opera t ion  of 

the ion gun a < x < cl. 

corporate  tu1 Acce1.-Decel. system i n t o  the  design, allowing 

f o r  larger e l ec t rode  spacings.  Enough e l e c t r o n s  are supposed 

t o  be suppl ied such that  the e l e c t r o n  emitter I s  p o s i t i v e  

w i t h  respec t  t o  i t s  immediate surroundings.  A p o t e n t i a l  mini- 

mum I s  thus formed a t  x = c2 behind t h e  ion  motor. Wether it 

is an  absolute minimum as i n  Fig.aa) o r  a r e l a t i v e  minimum as 

i n  Fig.  %depends on whether 

e l e c t r o n s  is larger or  smaller than the ion  exhaust veloci ty ,  

as w i l l  be found i n  due course. I n  an a c t u a l  space environ- 

ment no n e t  cu r ren t  can be drawn from the ion  motor. To 

s imula te  t h i s  condi t ion  i n  an experimental  setup, a f l o a t i n g  

A l a r g e r  bias may be used t o  in-  

the mean thermal speed of the 

target  5 ,%,, i n t e r c e p t i n g  and recombining e l e c t r o n s  ,and ions a t  

equal rates, i s  placed a t  a p o s i t i o n  x = c2  i n  Fig.2(4or any 

p o s i t i o n  x > c2 i n  Fig.?(a)-i The redundancy of t h i s  t a r g e t  and 

the se l f -cons is tency  of these p o t e n t i a l  d i s t r i b u t i o n s  are ehb 

s u b j e c t  of t h i s  s tudy.  Alternat ive p o t e n t i a l  d i s t r i b u t i o n s ,  
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allowing f o r  large charge separat ions,  such as those shown 

i n  F igd (a )  by broken l i n e s  w i l l  be omitted i n  t h i s  paper. 

+ 
The v e l o c i t y  d i s t r i b u t i o n s  f - ( v )  of e l e c t r o n s  and ions 

moving through regions of a r b i t r a r y  p o t e n t i a l  are found from 

Bo1 t zmann I s t ran8 p or t equat  ion 

We r e c o l l e c t  t h e  p r o p e r t i e s  of t h i s  d i f f e r e n t i a l  equat ion and 

its so lu t ions :  

I) The charac te rXst ics  are given by the energy i n t e g r a l  

where v+( xo.) - 
p o t e n t i a l  a t  

and $(xo) are the f i n i t i a l  v e l o c i t i e s ~  and the 

a given pos i t ion  x = xd Wikh  a knowledge of the 

p o t e n t i a l  d i s t r i b u t i o n  $(x) the  flow l i n e s  of e l e c t r o n  i n  v-x 

phase space can be drawn immediately as shown i n  Figs.  2(h:) apd 3 ( b )  

and corresponding diagrams could be cons t ruc ted  for ions.  

11) Any func t ion  of total  energy is a s o l u t i o n  of (4), 1.e. 
fo r  e l e c t r o n s ,  

2 
~ - ( x , v )  = F-& + - e$(x) + eg(/xo)) 46 1 

ill) If F;(x,v) and F;(x,v) are any two s o l u t i o n s  of (4), 
a l s o  

then  * ; . # , > * ,  their  sum and products are,,solutions of ( 4 )  
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i v )  L e t  H(x) = 1/2 ( l+sgn(x))  be the u n i t  s t e p  function, 

then by d e f i n i t i o n  

i s  a s o l u t i o n  of ( 4 ) .  

i n  (7) a s o l u t i o n  of ( 4 )  b u t  also each term sepa ra t e ly  as 

can be shown immediately by Inse r t ing  i n t o  ( 4 )  and using the 
6 f a c t  that dH(x)/dx = 6 ( x )  and x6(x)  = 0.. 

demonstarte the  f a c t  that  d i s c o n t i n u i t i e s  i n  the  so lu t ions  of 

l i n e a r  partial  d i f f e r e n t i a l  equations can occur only along 

c h a r a c t e r i s t i c s .  S t ep  functions are used conveniently t o  

describe the  r e f l e c t i o n  gnd t rapping of p a r t i c l e s  i n  p o t e n t i a l  

wells, as f o r  e l e c t r o n s  emitted from t h e  cathode c and re turned  

a t  o r  before  x = c2 i n  Figs. 2 ( b )  and 3 ( b ) .  

By combining so lu t ions  i n  the form 

N o t  only is t h e  sum of the step func t ions  

These so lu t ions  

almost any pmconceived idea of what the p o t e n t i a l  d i s t r i b u t i o n  

i n  space should be can be made se l f - cons i s t en t  w i t h  the space 

charge equat ion 

€ 0  dE d x  = e f+(x,v)dv-e f-(x,v)dv (9) 

as shown i n  a paper by Bernstein e t  a l .  To match the boundary 

condi t ions  i n  ion  engines wi th  assumed d.c. p o t e n t i a l  v a r i a t i o n s  

a8 shown i n  F igs .  2 ( a )  and 3(a),  we have i n  p a r t i c u l a r  
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the  t runca ted  Gaussians 

where the following s i g n  convention has been adopted and w i l l  

be used c o n s i s t e n t l y ,  throughout t h i s  paper 

By t h i s  convention the c h a r a c t e r i s t i c  s epa ra t ing  empty from 

occupied regions i n  phase space F igs .  2 (b)  and 3(b) are 

des c ribe d most c onvenien t ly . 
The following assumptions are implied i n  wr i t i ng  t h e  

d i s t r i b u t i o n  funct ions I n  t h i s  form: 
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1) Both e l e c t r o n s  and ions are emit ted with a Gaussian 

d i s t r i b u t i o n  of v e l o c i t i e s .  

ii) The a c c e l e r a t o r  g r i d  c1 I S  t r anspa ren t  

and ions,  which can be achieved by focusing. 

t o  both e l e c t r o n s  

111) The e l e c t r o n  emi t t ing  g r i d  c is t r anspa ren t  t o  ions bu t  

not t o  e l e c t r o n s .  

are reabsorbed upon r e t u r n .  

T h i s  implies that e l e c t r o n s  emitted from the g r i d  

i v )  No e l e c t r o n s  are trapped I n  regions such as c2  < x < c3  

i n  F i g . b ~ ) s l n c e  i n  the  absence of f l u c t u a t i o n s  or c o l l i s i o n s  

no mechanism i s  a v a i l a b l e  t o  f i l l  these traps. 

To i n v e s t i g a t e  the se l f -cons is tency  of the  preconceived p o t e n t i a l  

d i s t r i b u t i o n s  shown i n  Figs. qa)and3@ we need t o  d iscuss  space 

charge densitg, c u r r e n t  dens i ty  and k i n e t i c  pressure  which are 

given by the first three moments of the d i s t r i b u t i o n  funct ions 

(10, 11, 12). 

These i n t e g r a t i o n s  are e a s i l g  performed i n  ‘terms of e r r o r  func t ions  

and are conveniently expressed wi th  normalized charge and pressure  

f’unctions def ined by: 
2 

Q(x)  = ex e r f c ( x )  (15) 

~ ( x )  = 27r-1/2x + Q ( x )  
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A p l o t  of these func t ion  is  shown i n  Figs .  4 and 5 t oge the r  

with convenient approximations f o r  large p o s i t i v e  and negat ive 

values of x. We shall  recognize these limits as the beam 

and plasma l i m i t  r espec t ive ly .  A simple approximation P,(x) 

2 
.X > -0.6 P(x)  w P , ( x )  = - 1 + 1/2 7 Y 2 X  + x 

1 + 1/2 nl’zx 

which bridges the gap between these l i m i t s  is  a l s o  shown i n  

Fig.  5 .  Fur the r  mathematical information on these func t ions  1s 

given i n  appendix A.  

In  terms of these funct ions the moments (14)  are simply 

given by : 

x > a  

x < c  

x > c  
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AS a matter of convenience, the number d e n s i t i e s  n+(a)  

and n ( c )  have been eliminated from these  formulae by use  - 
and the mean si- of the s a t u r a t i o n  cu r ren t  d e n s i t i e s  3 

thermal speeds < I v + l >  defined by: - 



, 

- 11 - 

111. THE CONDITION FOR CHARGE NEUTRALITY 

The design of an ion  motor can be s p l i t  i n t o  three 

p a r t s  

i) The Ion Gun (a  < x < c l ) .  

Within t h i s  region the  condi t ion  

e$(al) - ,e@(x) >> kT+ , a < x < c1 

holds almost everywhere and the space charge dens i ty  can be 

ca l cu la t ed  from the asymptotic approximation ( A 5 )  

I giv ing  Q(x) = K -1/2x-1 

where 

I n  t h i s  l i m i t  t he  temperature of the Ions drops out  and 

almost a l l  the ions  a t  a given pos i t i on  x have the same 

v e l o c i t y  v+(x)  as given by (31). 

The gun design based on t h i s  beam model is well descr ibed 
8 I n  the l i terature  and w i l l  not be discussed any f u r t h e r  . We 

quote Langmuir Chi ld ' s  law for planar  flow 
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Values of cu r ren t  j+, voltage $(al)-j8(cl) and d is tance  cl-al 

f o r  3 t y p i c a l  designs are given i n  table  r. 
11) The Electron Trap (c l  < x < c ) .  

A p o s i t i v e  bias j8(c)-@(cl) > 0 i s  appl ied  t o  prevent 

e l e c t r o n s  from reaching the  Ion gun. I n  t h e  following w e  shall 

assume t h i s  bias t o  be small such t h a t  the ion ve loc i ty  (31) Is 

near ly  constant  throughout x > cl.  

the  algebra considerably but  excludes Accel .-Decel. systems 

from f u r t h e r  cons idera t ion ,  We note t h a t  t h e  magnitude of the 

T h i s  assumption s i m p l i f i e s  

emitter bias e s s e n t i a l l y  does not e f . fec t  the problem of 

n e u t r a l i z a t i o n  and that t h e  following theory can be e a s i l y  extended 

t o  Incorporate Acce1.-Decel. systems. Since no n e t  c u r r e n t  

can be drawn from the  ion motor i n t o  free space we have the 

condi t ion  

J -  = J, ( 3 3 )  

f o r  the  down stream e lec t ron  cur ren t .  The upstream e l e c t r o n  c u r r e n t  

which manages t o  escape the t r a p  is given by (19) and f o r  an 

e f f i c i e n t  t r a p  we must  have 
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To reduce the danger of charge separa t ion  and ion  r e f l e c t i o n  such 

as that  assoc ia ted  with the p o t e n t i a l  diagram shown by t h e  

broken l i n e  i n  Fig. 2(a), it is des i r ab le  t o  have a plasma formed with- 

i n  the trap.  To establish n e u t r a l i t y  we must  have 
'- . . 

q,(bl) = q+(bl), cI <;bl  < c . Thus w i t h  equat ions (22 ) ,  (30), 

(34) and a- Civ-1 >/v+(bl) of order u n i t y  the  following r e l a t i o n  

is  obtained f o r  the plasma p o t e n t i a l  $(bl): 

Since the left-hand side is large we can u s e  the  'scale he ight  

law' f o r  Q as given by the assymptotic term (A5),Q = 2 exp(x ), 2 

shown on the l e f t  i n  F ig .  4. Together with (19) the 

fol lowing chain of i n e q u a l i t i e s  is t h u s  obtained. 

We f i n d  that  a minimum e lec t ron  s a t u r a t i o n  c u r r e n t  dens i ty  

is requi red  t o  satisfy these condi t ions.  
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Values  of plasma po ten t i a l s  fd(bl)-$(cl) and emitter bias 

$(c)-@(c,) obtained from (36) f o r  a t rapping  r a t i o  T = 0.01 

and a se t  of ve loc i ty  r a t i o s  u = 2, 1, 1/2 are of t h e  order  

of s eve ra l  kT /e as l i s t ed  i n  table I. - 
For l a r g e  d i s t ances  c-cl between emitter and a c c e l e r a t o r  

g r id  a l t e r n a t i v e  p o t e n t i a l  d i s t r i b u t i o n s ,  such as the one 

shown by the broken l i n e  i n  F i g .  2 (a )  may become poss ib le .  For 

t h i s  p a r t i c u l a r  p o t e n t i a l  d i s t r i b u t i o n  the Ansatz (10) and (11) 

b r e a k s  down and more general  d i s t r i b u t i o n  funct ions of the type 

(8) m u s t  be used'. 

been discussed i n  the  l i t e r a t u r e 2  f o r  the  case of cold e l e c t r o n s  

These pecu l i a r  p o t e n t i a l  d i s t r i b u t i o n s  have 

and ions and are l i k e l y  t o  be unstable .  An extension of t h i s  

work t o  hot e l e c t r o n s  and i o n s  is  outside the scope of t h i s  

paper.  

Ill) The Propel l ing  Plasma ( x  > c ) .  

With e l e c t r o n s  and ions l o s t  a t  equal  rates from the 

ion  motor, ( 3 3 ) ,  the  condition of charge n e u t r a l i t y  wi th in  the 

escaping plasma q - ( b 2 )  = q+(b2)  becomes, using ( 2 3 )  and (30) 

We remember that  a I s  of order  u n i t y  as given by economical 

conslderat iong and therefore n e i t h e r  of the approximations t o  

Q shown i n  Fig.  4 can be used t o  i n v e r t  t h i s  equation. The phys ica l  
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s i g n i f i c a n c e  of t h i s  fact  is t ha t  n e i t h e r  the fscale height! 

l a w  nor  the equat ions of beam dynamics apply i n  t h i s  case. 

I n  us ing  a table of Q(x) o r  the  p l o t  i n  Fig. 4 t o  so lve  

equat ion (38) f o r  $(b2),  we m u s t  keep t r a c k  of our  s i g n  

convention (13) .  Thus If a > 1 we have b, < c3 as i n  

Fig. 2 .  If  on 

as i n  Fig. 3* 

L L 

the o the r  hand, a < 1 w e  have b2 > c2 

Subsequently these two cases  w i l l  be referred 

t o  as 'plasma l i k e 1  and 'beam l i k e '  respec t ive ly .  For p r a c t i c a l  

values of u, the plasma p o t e n t i a l  @(b2)tfd(c2) i s  found t o  be 

smaller than kT /e as seen i n  table I. - 

IV. THE PRESSURE BALANCE - 

With the charge d e n s i t i e s  q5 being known funct ions of 

p o t e n t i a l  9, self-consis tency can be established by i n t e g r a t i n g  

the space charge equat ion ( 9 ) .  A n  i n t e g r a l  of t h i s  d i f f e r e n t l a l  

equat ion  can be obtained immediately from f i rs t  p r i n c i p l e s .  

Mult iplying Boltzmannfs Transport  equation ( 4 )  with vm+ 

i n t e g r a t i n g  over a l l  velocit ies we have with f(f .@) = 0 

and - 

Adding both equat ions and using (9) gives 
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A n  i n t eg ra t ion  f i n a l l y  y i e l d s  the ‘pressure balance’  

(41) *E2 = p+ + p_ + const .  , E = - - d$ 
€ 0  -7 dx 

Since the k i n e t i c  pressures  p are known func t ions  of p o t e n t i a l  f 
only, the s o l u t i o n  of (41), or  of Poisson’s  equat ion (g), is 

Numerical methods must be used t o  eva lua te  t h i s  i n t e g r a l .  

As an example w e  e s t a b l i s h  se l f -cons ls tency  wi th in  the 

e l e c t r o n  t r a p  c1 < x < c .  

l ength  X : 
Introducing kT /e and the Debye - 

as s c a l i n g  parameters w e  define 

I n  these u n i t s  the e lec t ron  (25) and ion  ( 2 4 )  pressures  become 



I n  w r i t i n g  (46) only l i n e a r  va r i a t ions  of the ion ve loc i ty  

(31) have been taken i n t o  account wi th in  the e l e c t r o n  t r a p .  

With -J/j+ = T and <Iv >/v+(c,) - u - 

The i n t e g r a t i o n ,  of t h i s  d i f f e r e n t i a l  

t h e  pressure balance (41)  reads 

T + C  (47) 

equat ion was performed on 

the Stanford I B M  7090 d i g i t a l  computer using an Adam Predic tor -  

Corrector  procedure . P l o t s  of pressure,  e l e c t r i c  f i e l d  and 4 

d i s t ance  versus p o t e n t i a l  obtained f o r  7 = 0.01 and three 

d i f f e r e n t  ve loc i ty  r a t i o s  cr = 2, 1, 1/2 are shown i n  Fig.  6. 

The cons tan ts  of i n t e g r a t i o n  C have been ad jus ted  such t h a t  

the  e l e c t r i c  f i e l d  a t  plasma p o t e n t i a l  @(b,) is the same i n  a l l  

three cases .  The corresponding d is tances  c-cl between cathode 

and a c c e l e r a t o r  g r i d  are a l s o  l i s ted  i n  table I. 

V.. "PLASMA-LIKE STATES u > 1 

To i n t e g r a t e  the pressure balance wi th in  the region x > c 

behind the ion  motor we introduce again the - sca l ing  parameters 
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kT /e and the Debye l eng th  A defined i n  

howev-r, count normalized p o t e n t i a l  and 
- 

o r i g i n  x = c2: 

( 4 3 ) .  We shall, 

i s t a n c e  from a d i A A ' e r e n t  

Taking only l i n e a r  v a r i a t i o n s  of the ion  v e l o c i t y  (31) I n t o  

account w e  have from (24) and (26) i n  anology with (45)and (46): 

With J /J+ = 1 and clv_l>/b+(c,) z d the pressure  balance (41),'becomea 

We have used the f i rs t  few terms of t he  power s e r i e s  (A4)for 

P t o  demonstrate the e s s e n t i a l  d i f f e rence  between plasma-like and 

beam-like states, u < 1 and d > 1. Postponing the d i scuss ion  of 

beam-like states t o  the next s e c t i o n  we t a k e  f o r  the present  

a > 1. With our s i g n  convention (13), sgn 4 'Iz( 5 )  = sgn(  S ) ,  
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we then  f i n d  a pressure minimum i n  the region c < x < c2*  

This s i t u a t i o n  i s  demonstrated i n  a p l o t  of pressure 

versus p o t e n t i a l  for u = 2, shown i n  Fig,  7 (a ) .  Due 

to(43), th i s  minimum occurs exac t ly  a t  the  plasma p o t e n t i a l  

@(b2)  as given by (38). 
i n  (51) must be s e l e c t e d  such that the e lec t r ic  f i e ld  is  

The constant  of i n t e g r a t i o n  used 

real throughout the region c < x < c as shown i n  Fig.  7 ( b ) ,  
2 

Diagrams of p o t e n t i a l  versus d i s t ance  obtained by numerical 

i n t e g r a t i o n  of (51) f o r  two values of G are shown i n  Fig.  7 ( c ) ,  

For C > Co the  d i s t ance  between the e l e c t r o n  emitter a t  

x = c and the ' f l o a t i n g  t a r g e t '  a t  x = c2 i s  f i n i t e ,  as 

i n  a Laboratory experimtsnh. The r e s u l t s  of s e v e r a l  i n t eg ra t ions  

allow one t o  p ick  the appropriate  constant  C f o r  any given d i s t a n c e  

of the target.  

i n f i n i t e l y  d i s t a n t  target. Y e t  the f l o a t i n g  target i s  not  

redundant i n  t h i s  cab!-, It provides f o r  i n s t a n t  recombination of 

e l e c t r o n s  and ions, thus producing a p o t e n t i a l  drop (sheath) t o  

turn the excesg e l e c t r o n s  back as shown i n  Fig.2(b.). Several 

arguments may be advanced t o  the ex is tence  of t h i s  state in 

free space: 

As C +  Co one approaches the case of an 



- 20 - 
1) The e f f e c t  of volume recombination may provide a 

gradual p o t e n t i a l  drop along the plasma column t h u s  

causing excess e k c t r o n s  t o  be returned.  

ii.) A p o t e n t i a l  drop (sheath)  is  formed at  the head 

of the advancing ion beam which causes excess e l ec t rons  t o  be 
3 re turned . 

To eva lua te  the first assumption I )  we use a simple 

model descr ib ing  the e f f e c t  of recombination. Assuming 

n e u t r a l i t y  n - = n+ = n(b2)  and common d r i f t  ve loc i ty  <v - > = 

v+(b2) f o r  bo th  spec ies  we have 

d 
dx nv+ = 

where a, the  

cm-3sec -1 . 10 

I s  thus given 

2 n(b2) 
-an , n = n(b2)(1 + a X) 

v+ 2 
(53) 

-11 coe f f i c i en t  of recombination, i s  less than 2.10 

The s c a l e  on which recombinations take p lace  

Y (54) 

For t y p i c a l  ion  motors t h i s  d i s t ance  tu rns  out t o  be i n  excess 

of 900 km as l is ted I n  table I. Thus it appears that  the  

e f f e c t  of volume recombination may indeed j u s t i f y  the  omission 

of the  f l o a t i n g  target and a l s o  secure the  v a l i d i t y  of our  

d.c.  so lu t ion .  out t o  oonsiderable d i s t ances  behind the space 

vehicle ,  provided it is stable. 
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To assess the v a l i d i t y  of assumption 11) we have t r ied 

t o  so lve  f o r  the d.c. state i n  a frame of re ference  moving wi th  

the ions.  ElectrDns are allowed t o  escape from and r e t u r n  t o  the 

head of the ion beam, very much l i k e  i n  the case of an 

e l e c t r o n  emitter placed i n  free space.  A se l f - cons i s t en t  

d .c .  state i s  found t o  exist  i n  the moving frame. However, 

it is not poss ib le  t o  match t h i s  s o l u t i o n  t o  the e l e c t r o n  emi t t i ng  

gr id  wi th in  the ion  motor, simply by applying a Gal i leo  t rans-  

formation. We conclude t h a t  the sheath a t  the head of the 

advancing plasma beam is  necessar i ly  of an o s c i l l a t i n g  na tu re ,  

The ques t ion  of s t a b i l i t y  w i l l  be discussed i n  Sec t ion  VII. 

VI. BEAM-LIKE STATES u < 1 

Proceding with our discussion of equat ion (51) we f i n d  

a pressure  maximum t o  e x i s t  f o r  u < 1 i n  the region x > c2  

behind the p o t e n t i a l  minimum @(c2)  as shown i n  Fig.@). 

due t o  ( A 3 )  , t h i s  maximum occurs a t  exac t ly  the plasma p o t e n t i a l  

$(b2)  as given by (38). 
behind the e l e c t r o n  emitter the cons tan t  of i n t e g r a t i o n  C i n  

(51) is n e c e s s a r i l y  equal  t o  0. For x > c2 the r e l a t i o n  between 

e l e c t r i c  f i e l d  and p o t e n t i a l  is c y c l i c a l  as shown i n  Fig.q(b;) and 

the  p o t e n t i a l  becomes a per iodic  func t ion  of d i s t ance  as seen i n  

Fig.  8(4.  A l l  the excess e lec t rons  are returned before  they reach 

Again 

If no a u x i l i a r y  fg r ids t  are t o  be used 
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the p o t e n t i a l  minimum a f i n i t e  dis tance downstream and the flow 

of e l e c t r o n s  and ions becomes un id i r ec t iona l  thereafter as 

shown In Fig. *j. The f l o a t i n g  t a r g e t  is thus redundant and 

th i s  state may a c t u a l l y  e x i s t  i n  free space, provided it  

i s  stable.  

The p o t e n t i a l  diagram shown i n  F ig ,  8 ( c )  has been obtained 

by numerical i n t e g r a t i o n  of (51) f o r  CJ = 1/2, C = 0. 

by means of the e x c e l l e n t  approximation 

an a n a l y t i c  s o l u t i o n  can be found i n  the per iodic  region 

However, 

P1(x) (ea. (17), Fig. 5) 

- a l l - 1  1 (dry 
1 + 1/2(7m) ~ + q 

2- 1 + 1/2(nfi)l’L 

With ( ~ 7 ) ) ~ ~ ~  as a u x i l i a r y  var iable ,  a s o l u t i o n  s a t i s f y i n g  the 

boundary condi t ion  f = 0, rl = 0 is  obtained i n  the form 

(55) 

Values of p o t e n t i a l  obtained from (56) are compared i n  

Fig.  8(c )  wi th  the resul ts  of numerical i n t e g r a t i o n s  of (51) 

us ing  f o r  P the r igorous expression (16). Note that  (56) 

is good aiso f o r  sone negative values of 

i n f l e c t i o n  po in t s  and maxima of the p o t e n t i a l  diagram as given 

by (56) yields .  the following approximations : 

5 .  A study of the 
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i) Plasma p o t e n t i a l  a t  x = b2 

11) Maximum p o t e n t l a l  a t  x = a2 

Ill) Period c3 - c2 

Using the d e f i n i t i o n  Q S<[v-#g+(c2) and Langmulr-Child's 

law ( 3 2 )  we have a l s o  

Thus we ob ta in  f'rom (57), (58) and ( 5 9 )  i n  the limit of co ld  

e l e c t r o n s  a+ 0 
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These formulae agree wi th  results published previously on the 

problem of mixing co ld  e l ec t rons  and ions L 2  . 
To as ses s  the e f f e c t  of e l e c t r o n  temperature, it is convenient 

t o  normalize plasma p o t e n t i a l ,  maximum p o t e n t i a l  and per iod 

t o  t he i r  respec t ive  values f o r  co ld  e l e c t r o n s .  Thus r e w r i t i n g  

(571, (58) and ( 5 9 )  we have 

These r a t i o s  are p l o t t e d  i n  gig.  10 and f o r  <Iv - I > = v+ 

plasma p o t e n t i a l ,  maximum p o t e n t i a l  and per iod  are seen  t o  

vanish. 

space x > c2  as shown i n  Fig.%). 

I n  t h i s  b o r d e 4 i n e  case the plasma becomes uniform i n  

The v a r i a t i o n  of p o t e n t i a l  
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versus d is tance  f o r  x < c2 has been obtained by numerical 

i n t e g r a t i o n  of (51) f o r  a = 1, C = 0. 

Before w e  conclude these sec t ions  on d o c .  states, we 

add a few remarks on the t h r u s t  of the ion  motor. It is  

evaluated by adding up the pressure on the a c c e l e r a t i n g  and 

e l e c t r o n  emi t t i ng  grids.  The pressure of the ions on the 

a c c e l e r a t b r  g r id  is given by 

with numerical values l is ted i n  table I. #The con t r ibu t ion  

due t o  the n e u t r a l i z e r  is  found from the pressure  balance (42). 
I n  normalizeC u n i t s  we have 

For small emitter bias th i s  con t r ibu t ion  was found t o  be 

n e g l i g i b l y  small. 

VII. STAaILITY AYALYSIS 

Within a uniform plasma of i n f i n i t e  ex tens ion  a small s i g n a l  

a n a l y s i s  based on longi tudina l  per turba t ions  oc cxp( i w t - l k x )  

y ie lds  the d i spe r s ion  r e l a t i o n  
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k2 dv 

where u) + are the normalized plasma frequencies  and F*(v> 

the normalized d i s t r i b u t i o n  functions of the  e l ec t rons  and 

ions respectively''. 

i n  t h e  l i m i t  Imw-.O-, which a r i s e s  when one employs Laplace 

ana lys i s  i n  t i m e  . 

P- 

T h i s  d i spers ion  r e l a t i o n  is  well def ined 

We have seen that i n  our case the d.c. ana lys i s  p r e d i c t s  

an i n f i n i t e  region of almost uniform p o t e n t i a l  wi th in  the 

plasma emerging from the ion motor. The devia t ions  from 

plasma p o t e n t i a l  were found t o  be very much smaller than  

kT - /e f o r  p r a c t i c a l  values of the parameter 6. Application 

of the d i spe r s ion  r e l a t i o n  (69) is therefore j u s t i f i e d  using 

F*(v) f*(b2,v)/ fk(b2,v)dv = ef*(b2,v)/q+(b2) m (71 1 

with  io, 21; 12, 23; 30, 31, 38 w e  have 
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A p l o t  of the weighted d i s t r i b u t i o n  funct ion 

2 +  w2 F(v)  E w2 F-(v)  + w F (v )  
p- p, p+ 

I n  the numerator of (69) is shown i n  Fig.  11 f o r  

Q = 2 and cr = 1, Due t o  a c r i t e r i o n  by Penrose12 and 
ti 

(74) 

Buneman13 we suspect  t h a t  t h i s  doubly peaked d i s t r i b u t i o n  

func t ion  is unstable  , However, d i r e c t  app l i ca t ion  of 

t h i s  simple c r i t e r i o n  fa l ls  i n  our case due t o  the d is -  

c o n t i n u i t i e s  i n  the d i s t r i b u t i o n  func t ion  F(v)  , To explore  

the ex is tence  of growing modes we apply Cauchy’s theorem 

t o  (69) on a contour enclosing the  lower frequency half  

plane Imw < 0. I n  t h i s  process we make u s e  of the fact  

that m+vdZk!J!+ >> 1 so that fo r  a l l  p r a c t i c a l  purposed 2 

F+(v) may be approximated by a Dirac g-function: . 

With the ions thus behaving l i k e  a monoenergetic stream of 

p a r t i c l e s  the d i spe r s ion  r e l a t i o n  becomes : 



w he re 

T h i s  i n t e g r a l  cannot be evaluated i n  c losed form. However, 

the s i n g u l a r i t i e s  a r i s i n g  f o r  ImCI + 0- can be ex t r ac t ed  and 

the remaining i n t e g r a l  computed (Appendix B ) .  A p l o t  of 

the  r i g h t  hand side of the d ispers ion  r e l a t i o n  (76) i n  the  

complex K -plane i s  shown i n  F i g .  1 2  fo r  the l i m i t  of r e a l  

f requencies  I m n  - 0- and a ve loc i ty  r a t i o  CJ = 2.  

parameter i n  t h i s  graph i s  t h e  wave ve loc i ty  n/K,  wi th  K 

2 

The running 

real .  Note t h a t  f o r  any pos i t i ve  wavenumber K the poin t  

K i s  enc i r c l ed  once as n varies from -OD t o  +a and then 2 

along a large semic i rc le  i n  the lower frequency ha l f  plane.  

Thus,  f o r  any p o s i t i v e  wavenumber K, the  d ispers ion  r e l a t i o n  

(76) ,  has p r e c i s e l y  one so lu t ion  n w i t h  Imn < 0. S imi l a r  

diagrams are obtained f o r  other values of 6. We thus con- 

clude that  the one-dimensional d .c .  states derived i n  the 

previous sec t ions  are a l l  unstable.  

A crude approximation est imates  the  wavenumber f o r  which 

maximum growth occurs as k w /v+. The l i n e a r  s c a l e  

of tnese  i n s t a b i l i t i e s  is t h u s  of the order  of seve ra l  Debye 
p- 

lengths  : 



- 29 - 
Within a few times that d i s t ance  behind the  ion  motor 

these o s c i l l a t i o n s  w i l l  have reached the  nonl inear  l i m i t .  

Since xf << xr, the e f f e c t  of recombinations discussed i n  

s e c t i o n  V is completely i r r e l e v a n t .  

whether the r.f. amplitude developing behind the space vehicle  

remains small compared with t h e  acce le ra t ing  p o t e n t i a l  of the 

ions o r  becomes comparatjle t o  i t .  Accordingly the  ion motor 

would work continuously o r  i n  d i s c r e t e  p u f f s .  

computer s imulat ions of t h e  processes involved i n  the  nonl inear  

motion of e l e c t r o n s  and ions p red lc t  continuous operat ion with 

v e l o c i t y  randomization and r a t h e r  s t r o r g p o t e n t i a l  f l u c t u a t i o n s  

The ques t ion  arises 

One dimensional 

a t  e l e c t r o n  plasma frequency 14315 

I n s t a b i l i t i e s  have been observed r ecen t ly  i n  experiments 

with cesium ion beams, using an e l e c t r o n  emi t t ing  wire as 

the n e u t r a l i z i n g  element and a f l o a t i n g  c o l l e c t o r  16 . Os- 

c i l l a t i o n s  near  e l e c t r o n  plasma frequency set i n  whenever the 

n e u t r a l i z e r  is removed t o  the edge of the beam i n  which case 

the e l ec t rons  are i n j e c t e d  with h igher  than thermal energy. With 

the n e u t r a l i z e r  loca ted  a t  the cen te r  of the beam, the plasma 

was found i n  an apparent ly  i table state. The l a t t e r  observation 

is  i n  con t r ad ic t ion  w i t h  our p red ic t ion  and the discrepancy 

may arise from the f i n i t e  l a t e r a l  s ize  of the experimental  plasma 

no t  taken i n t o  account i n  the  theory.  We note,  however, that 
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f l u c t u a t i o n s  over a broad band of f requencies  may s t i l l  be 

present  i n  t h i s  experiment. These f l u c t u a t i o n s  are 

assoc ia ted  w i t h  an increase i n  e l e c t r o n  temperature 17,18 

and should b e  detectable e i t h e r  by a probe or by noise 

measurements. Future experimental work should be supplemented 

by such  measurements i n  order  t h a t  the proper conclusions can 

be drawn. Progress on the t h e o r e t i c a l  side I s  expected from 

computer s imulat ions of t h e  nonl inear  mixing process,  the  

f i n i t e  s i z e  of the  plasma being an i n t e g r a l  part of the program. 

VIII. SUMMARY OF CONCLUSIONS 

The c h w a c t e r  of d .c .  states a r i s i n g  i n  the process  of 

n e u t r a l i z i n g  Ions emerging a t  equal  rates w i t h  e l e c t r o n s  from 

the  nozzle of an ion motor depends c r i t i c a l l y  upon u, t h e  mean 

thermal speed of the  emitted e l ec t rons ,  .as compared t o  the 

escape v e l o c i t y  of the  ions.  

For small e l e c t r o n  tempera tures  u < 1, excess e l e c t r o n s  

are re turned  t o  the ion motor from a p o t e n t i a l  minimum a s h o r t  

d i s t ance  behind the space vehicle.  The p o t e n t i a l  d i s t r i b u t i o n  

becomes per iodic  i n  space thereafter, 

For large e l e c t r o n  temperatures u > I, plasma-like 

p o t e n t i a l  d i s t r i b u t i o n s  are obtained behind the. Ion motor. 



A f l o a t i n g  target is required i n  t h i s  case t o  r e . f l ec t  the 

excess  e l ec t rons  back t o  their source.  Recombinations 

occuring a long d is tance  behind the  space vehic le  may 

l i f t  t h i s  requirement. 

Arguments of whether o r  not these d.c. states do 

e x i s t  i n  ou te r  space f i n d  a unique answer when i t  is 

learned  t h a t  a l l  are unstable  with respec t  t o  small 

per turba t ions .  A large s igna l  theory descr ib ing  the 

nonl inear  mixing process of e l ec t rons  and ions wi th in  

a plasma beam of e s s e n t i a l l y  f i n i t e  la teral  dimensions is 

requi red  t o  i n t e r p r e t  and pro jec t  experimental  r e s u l t s  i n t o  

a c t u a l  space environment. 
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APPENDIX A: SERIES REPRESENTATION OF CHARGE AND PRESSURE 
m7 

The charge and pressure functions are def ined by the 

following i n t e g r a l s  : 
2 2  2 

dt = e e r f c ( x )  Q(x)  = 2~ -lI2 r ex -t 
X 

2 2  
p ( x )  = 4r-'i2 J" t2ex -t d t  = 27rm1I2x + Q(x) 

X 

- -  dP - 2xQ 
dx 

Representations i n  terms of power series and asymptotic series 

are obtained immediately by wr i t ing  the  error func t ion  i n  

terms of confluent hypergeometrical func t ions  of the first 
( @  ) and second kind ( y ) ,  respec t ive ly  19 . 

N 

where H(x) is the u n i t  s t e p  fdnct ion.  

For numerical purposes .Fr ied ' s  Tables of the H i l b e r t  

Transform of the Gaussian may also be used not ing that Q(x) E. 

-1 7r-1I2 z ( ix) .20  
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The simple approximation P,(x) given by formula (19) 

i n  the t e x t  is suggested by the f a c t  that every confluent  

hypergeometrical func t ion  can be expanded I n t o  continued 

f r a c t i o n s .  

t o  match the expression P,(x) = (a + bx + cx )/(d + ex)  

wi th  the  power s e r i e s  k4)for small 

s e r i e s  (A5)for l a rge  x. The e r r o r  of this.approx1rnation 

is wi th in  3 percent  i n  the range -0.6 < x < +@. 

The a c t u a l  procedure used t o  obta in  P,(x) is 
2 

x and with the asymptotic 
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APPENDIX B: EVALUATION OF DISPERSION INTEGRAL 

The i n t e g r a l  (76) t o  be ca l cu la t ed  is OP the  form 

axh- dx, Iinx = Imy = 0, Iinz < 0, f(f  -) = 0 
y (x-z)  

where f ( x )  is continuous f o r  real x .  

A partial  i n t e g r a t i o n  y i e l d s  

+ 

The first i n t e g r a l  is s i n g u l a r  b u t  can be evaluated 

where +n s tands  f o r  t he  p r inc ipa l  value of the logarithm. 

las t  i n t e g r a l  is r e g u l a r  evemhere including the poin ts  x = y,z,m. 

A more convenient form f o r  computation is obtained wi th  the 

s u b s t i t u t i o n s  

The 

x = t g g ,  y = t g r l ,  z - t g s  
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With 

we have 

+ J ( a r c t g  y) a r c t g  z) - J ( a r c t g  y, n/2) 

and i n  the l i m i t  Imz3  0- 

+ J ( a r c t g  y, a rc tg  z )  - J (a rc tg  y, n/2) (B8) 

where H(x) is the  u n i t  s tep  funct ion.  

app l i ed  t o  eva lua te  (76) on the Stanford D3M 7090 d ig i ta l  

computer by using a simple Simpson procedure f o r  (I( Q s ) .  

This  formula was 
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Table I Data f o r  Three Ion Motors 

: 

A2: 

u = 2 f l o a t i n g  c o l l e c t o r  a t  c2-c = 190.4 X 

u = 2 f l o a t i n g  c o l l e c t o r  a t  c2-c = 0 

*1 

B: Q = 1 no c o l l e c t o r  required 

C: u = 1/2 no c o l l e c t o r  required 

* 
values obtained by numerical i n t e g r a t i o n  of equ, X 

+ approximate values may be obtained from equ .  X 
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Fig.  2 ( a )  P o t e n t i a l  Diagram of Ion Motor with F loa t ing  

Col lec tor  and 

( b )  Corresponding Electron Orb i t s  f o r  Q = Clv - 1 >/v+(b2) > 1 
(schematic) 

----2(a) a l t e r n a t i v e  p o t e n t i a l  f o r  large cathode 

a c c e l e r a t o r  spacing c-cl and p a r t i a l  r e f l e c t i o n  

of Ions.  
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Fig. 3 (a )  Po ten t i a l  Diagram of Ion Motor and 

( b )  Corresponding Electron Orbi t s  f o r  

(J = Clv - I>/v+(b2) < 1 (schematic) 

--- 3(b )  o r b i t s  allowed f o r  trapped e l ec t rons  

( t raps  are empty under d.c. condi t ions)  



Fig. 4 Normalized Charge Density Q(x) vs. Cutoff Velocity 

vc of Gauss Distr ibut ion,  x = T-~/*V~/<(V-~>. 

--- asymptotic laws: f o r  x << 0 plasma-limit 

f o r  x >> 0 beam-limit 
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x -  

I 

Fig ,  5 Normalized Kinetic P r e s s u r e  P (x )  v s .  Cutoff 

Velocity vc of Gauss Distr ibut ion, .  x = T - ~ / ~ V ~ / <  Iv-i>. 

_-- asymptotic laws: f o r  x << 0 plasma-limit 

for  x >> 0 beam-limit 

ana ly t i c  approximation equ. (17) - 
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77- 
Fig. 6 ( a )  Pressure,  (b) E l e c t r i c  F i e l d  and ( c )  Distance 

Within Electron Trap vs. P o t e n t i a l  i n  Normalized Uni t s  

Trapping r a t io  7 = - j/j+ = 0.01 

Velocity r a t io  u = < i v  - \>/v+(cl) 



Corresponding plasma p o t e n t i a l s  and pressure minima: 

Q = 2 q(bl)  = 4.60637 Co = 7.24696 

1 3.91460 2.94692 

3 . 2 2444 1.14248 0.5 

in a l l  cases C - C ~  = 10’5~ 
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Fig. 7 
7- 

( a )  P r e s s u r e ,  (b) E l e c t r i c  F i e l d  and ( c )  Distance 

Within Propel l ing Plasma vs. Poten t fa l  i n  Normalized 
Trapping r a t i o  7 = - J/j+ = 0.01 

Velocity ratio (J = <tv_l>/v+(c2)  = 2 

Corresponding plasma p o t e n t i a l  and pressure  minimum: 

7\(b,)  = 0,265429, Co = 0.112197. 
A 

for C = C, f l o a t i n g  c o l l e c t o r  a t  c2-c = = 

Uni ts  
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Fig. 8 ( a )  PressureJ ( b )  E l e c t r i c  F ie ld  and ( c )  Distance 

Within Propel l ing Plasma vs. P o t e n t i a l  I n  Normalized Units 
Trapping ra t io  7 = 
Velocity r a t i o  Q = * < I v - ~ > / v + ( c ~ )  = 0.5 
Corresponding plasma p o t e n t i a l ,  maximum p o t e n t i a l  
and period: rl(b2) = 0.591483, Il(a2) = 1.5399gJ 

j/j+ = 0.01 - 

c p *  = 1 2 . 5  A 

----8( c )  approximate s o l u t i o n  equ. (56) 



C/X- -3,286 

77- 
Fig .  9 (a )  Pressure ,  ( b )  E l e c t r i c  F ie ld  and ( c )  Distance 

Within Propel l ing  Plasma vs .  P o t e n t i a l  i n  Normalized Uni t s  

Trapping r a t i o  T = - j/j+ = 0.01 

Velocity r a t i o  u = <lv_ l> /v+(c2 )  = 1 

Corresponding plasma p o t e n t i a l ,  maximum potent ' i a l  

and period: q(b2)  = q(a2) = c3-c2 = 0. 
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Fig. 10 

CT = (lv-l)/v+ 

I 

3 

Plasma  P o t e n t i a l  e q u .  (64), Maximum P o t e n t i a l  

equ. (65) and Period equ. (66) vs .  Electron 

Temperature u = <Iv - I>/v+(c2) i n  normalized u n i t s .  
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Fig. 11 Weighted Velocity-Distribution Function of 

Electrons and Ions a t  Plasma P o t e n t i a l  @(b2) 

f o r  two ve loc i ty  r a t i o s  Q = <iv,/>/v+(c2).  

E lec t ron  cu to f f  ve loc i ty  fo r  Q = 2 a t  vc = -0.913165 < l v  - i> 

f o r  o = 1 a t  vc = 0 



. .  

Fig. 1 2  Plasma Dispersion Function equ. (76) 

f o r  a Velocity Ra t io  d = < \ v  - i>/v+(c2) = 2. 

- wavenumber K as a func t ion  of real  

waveveloci t ies  n /K  i n  normalized u n i t s  - wavenumber K f o r  almost real 

waveveloci t ies  n/K, Imn = 0-, K > 0. 
Ion resonance a t  C1/K = 0.5 

e l e c t r o n  c u t o f f  a t  n/K = -0.913165 

I m K  = -0.581339 2 


